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APPROXIMATIONS OF PERIODIC FUNCTIONS BY 
ANALOGUE OF ZIGMUND’S SUMS IN THE SPACES ) 


In this work we found order estimates for the upper bounds of the deviations of analogue of Zigmund’s sums on the classes of 
{il)\ /3)-differentiable functions in the metrics of generalized Lebesgue spaces with variable exponent. 


1. Definition and formulation of the problem. Let p = p{x) be a 2tt- 
periodic measurable and essentially bounded function and let be space of 
measurable 27r-periodic functions / such that 

TT 

J dx < oo. 

— TV 


If p := ess inf \p{x)\ > 1 and p := ess sup \p{x)\ < oo, then are Banach 

~ X 3 , 

spaces [Ij (see., also [3|) with the norm, which can be given by the formula 

' fix) pW 


||/||p(.) := inf a > 0 : 


a 


dx < 1 


— TV 


Here are some definitions which will used in the statement and proof of the 
results of this article. 


Definition 1. It is said that a function p 
condition of order 7, if 

< A, 


= p{x) satisfies the Dini-Lipschitz 
0 < (5 < 1 , 


where 


uj{p; 6) = sup 

a:i,a;2G[-7r;7r] 



- p{x 2 )\ : \xi - X 2 I < (5 


The set of 27r-periodic exponents p = p{x) > 1, satisfying the Dini-Lipschitz 
condition of order 7 > 1 in the period, is denoted by V^. Obviously, if p G , 
then p > 1 and p < 00 . 

In the work [T] shown that when 1 < p, p < 00 , space where q{x) = 
is conjugate for AO and for arbitrary functions / G and g G an analogue 
of the classical Hblder’s inequality is true: 


TV 

J \f{x)9{x)\ dx < Kp^q\\f\\p{.)\\g\\qi.), {Kp^q < l/p+l/g), (l) 

— TV 
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which, in particular, implies embedding: C L, where L is space of 27r-periodic 

integrable on the period functions. 

The space are called generalized Lebesgue spaces with variable exponent. 
It is clear, that if p = p{x) = const > 0, spaces coincide with the classical 
Lebesgue spaces Lp. In its turn, if p < oo, spaces are a special case of 
the so-called space Orlicz-Musielak [3j. For the hrst time, Lebesgue space with 
variable exponent appeared in the literature in the article W. Orlicz |F|. In the 
work [6j spaces considered as an example of the more general function spaces 
and, furthermore, been studied by many authors in different directions. The basic 
results of the theory of these spaces are available, for example, in pQEl d El El EDI 
□n. Note also that the generalized Lebesgue spaces with variable exponent used 
in the theory elastic mechanics, the theory of differential operators, variations 
calculus [121 ESI E3] ■ 

Next, we need the dehnitions of the [ip] /3)-derivative and the sets L^, which 
belongs to A.I. Stepanetz [21 c. 142 - 143]. 

Definition 2. Let f ^ L and 

/ p \ CX!) CX) 

Slf] = ^ + cos /ex + 6fc(/) sin kx) — ^ ^ (2) 

k=i k=o 

be its Fourier series. Let, further, 'f{k) be arbitrary function of natural argument 
and fd eM.. Assume that the series 


^ ^ t) ^ ^ t)) 

/c—1 


is the Fourier series of some function from L. This function is denoted by fp{-) 
(or {D^^f){-)) and called {if] (3)-derivative of a function /(•)• The set of functions 
/(•), satisfying this condition is denoted by L'^. 

Denote by ^ the classes {fj] ;d)-differentiable functions f E L, such that 
fp E LP^'\ and by Zn{f] x) the trigonometric polynomials of the form 


Zn{f] x) 


aoif) 

2 



k=i 



(4) 


In this paper, we study the value 

sup \\f - Zn{f)\\s{.) 
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upper bounds of deviations analogues of Zigmund’s sums Zn{f; x) on the classes 

e ^ f* ^ where := {ip e Lr>(-) : ||vp||,(., < 1} - 

the unit ball of Lp^'\ 

Note that in the case '?/^(/c) = t > 0, the sums 01]) are well known 

Zigmund’s sums 

Zn{f] x) := + £ (l - (^) x). 

k=\ 

2. Auxiliary results. In the proof of the main assertions of this work we use 
the following well-known results. 

Theorem A. fW^ If p ^ ^ then for an arbitrary function f E the 

inequalities hold 

ll^n(/)|U.)<C^.||/IU.), (5) 

II/IU-) < ^.ll/IU). (6) 

where /(•) is a functions, trigonometric conjugate to /(•), and Cp and Kp are 
positive constants which does not depend on n and f. 

From the inequality (ED of Theorem El in particular, follows that for an 
arbitrary function / G on condition p E its Fourier series converges 

to / in the metric of the spaces that is 

11/- 5'„(/)||p(.) ^ 0, n^oo, (7) 

and the relation holds 

EnifU-) < 11/ - ^n-l(/)||p(.) < KpEr,if)p(^.), (8) 

where 

Enip)p{.)-= inf \\p - tn-l\\p(.), peLE\ 

tn-l&Tn-l 

is the best approximation of p by subspace Tn-i trigonometric polynomials of 
order, not higher than n — 1, and Kp is value which depends only on p = p{x). 

Lemma A. /I3|/ Let the sequence p{k), /c = 0,1, 2,..., satisfies the conditions 

2^+1 

vq = = sup \p{k)\ <C, do = cro(/i) = sup ^ \p{k + 1) - p{k)\ < C, 

k meN 

where C is value which does not depend on k and m. 

Then, ifp G for a given function f G there exists a function F G 
such that the series 

A^(Q)ao(/) ^ kx + bkif)sm kx) 

k=i 
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is the Fourier series of F and the inequality is true 

\\F\\p^.) < KX\\f\\p^.), A = max{z/o,cro}, (9) 

where the value K does not depend on the function f. 

In the case p = p{x) = const this statement is a well-known lemma of 
Marcinkievicz for mnltipliers pB] . 

We will also use the following theorem of Hardy-Littlewood. 

Theorem B. /T^ Let 1 < p < s < oo, p,s = const, a = p ^ — s ^ and 

OO 

Da{t) = COS kt. 

k=l 

Then, for an arbitrary function (p E Lp the convolution 

IT 

J ^ t)Da{t) dt 

— TT 


belongs to Lg, and 


ll^alls C*s,p|| 

where the value Cg^p depends only on s and p. 

OO 

Note that if ip E Lp and ^ Ak{p', x), then 

k=0 


k=0 


that is $Q, = Ma{p), where — operator-multiplier, which is determined by 
the sequence of Pa{k) = ^”“5 /c = 0 , 1 , 2 ,..., and it acts from Lp to Lg, where 
indicators l<p<s<oo, p, s = const, are related by the equation p~^ — = 

a. 

2. Approximation by analogue of Zigmund’s sums. 

We dehne the function iin,a{k) and fLn,a{k) as follows: 


h'n,a(^) — 


Tn,a{k) — 


k^'il){n) COS 1 < k < n — 1. 

k^'ilj{k) cos n < k] 

sin 1 < k < n — 1, 
k°‘'il){k) sin n < k; 


( 10 ) 

( 11 ) 
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For each fixed a > 0 we denote by the set of pairs (?/^; (5), such that for 
any positive number n the conditions 

P; n) := sup |/in,a(^)| < Cu{n)n°‘ < K, (12) 

k 

2^+1 

aai'ip; /3; n) := sup ^ |/in,a(^ + 1) “ /^n,a(^)| < Cv{n)n'^ < ifi, (13) 

mGN 

and similar conditions for the function fln,a{k) hold, where z/(n) = supy!j>„ l ^(^)|5 
C and K are positive constants uniformly bounded on n. 

At first we consider the case when the functions p = p{x) and s = s{x) on the 
period satisfy the inequality s(x) < p{x). In our notation, the following assertion 
is true. 


Theorem 1. Let (^;/3) G To,n up,s G s{x) < p{x), x G [0;27r]. Then, 
for all n eN the inequality 

Cp^sk'iji) A S(^Ly Zn)s{-) A Kp^gviji), 

holds, where Cp^g and Kp^g are some constants that do not depend on n. 

Proof. Suppose first that p{x) = s{x), x G [0; 27r]. For an arbitrary function 
/ G L^p(^.y fhe equality is true 


n—1 


f{x) - Zn{f-,x) = ^ 

k=l 


if{n) 

'ipik) 


OO 

Ak{f;x) + '^Ak{f;x) = 

k=n 


OO OO 

= '^PnfiAh{fp,x)+ '^PnflAk{fp,x) := Mo(/^) + Mo(//), (14) 

k=l k=l 

where Mq and Mq are operators-multipliers, which are defined by the sequences 
m and (ITTl) respectively, o = 0. 

According to the conditions of the theorem, the couples {if; (5) belong to the 
set To,n, therefore, the sequence (ITOll and fpTll satisfy the conditions of lemma El 
Applying this lemma, given the inequalities (ED, (ED and flTBp . for an arbitrary 
function / G on fhe basis of the equality f lTip we find 

||/(•) - i„(/;-)llpO = \\M,Ut) + Ma(ft)U) < 

< A>(n)(||/^||p(.) + ||/*||p(^)) < C„v{n), (15) 

where Cp is positive constant that depends only on the function p = p{x). 
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In the article M was shown that if 1 < s{x) < p{x) < p < cxd, then for an 
arbitrary fnnction / G the inequality hold 




(16) 


From the relations f TTHIl and (ITFIl we obtain the estimate 


(17) 


where Cp^s is positive constant that depends only on the functions p = p{x) and 
s = s(x). 

We now obtain the lower estimate for the value of y If for given 

function ^(/c) and the number n G N there exist the natural number kn^ for which 
the equality 

iy{n) = sup I'll){k)\ = ijikn), (18) 

k>n 


is true, then the corresponding lower estimate can be obtained with help of the 
function 


fn{x) 


^(fen) 

COS k-fiX I 


cos(/c„ 



)• 


(19) 


Indeed, since 


then the function 




fn £ 



and 


cos knX 
cos/c„x||p(.) 



= 1 
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^(W);W(.)> ll/~-W~)lk) = 

— II cosA:„a;||5(.) = Cp^su{n 

p{-) 

But if for the function 'ip{k) and the number n G N there not exist a natural 
number kn, for which the equality (|THI) holds, due to the limitation of the set 
{|'?/^(/c)|} of values of the function tlj{k) we will have 



iy{n) = sup \'ip{k)\ = sup{|'?/^(A:)|}. 

k>n k>n 

In this case, there exists a sequence /cj, j G N such that kj > n and the numbers 
^^{kj) don’t decrease and converge to v{n). Let A = Uj/j(x), where the function 
fj{x) dehned by the equality (IT^ . Since fj G for Q^riy j G N, than 











= sup T]-—II cos kjx\\s(.) = Cp s^in)- 

jgN II cosA:ja;||p(.) 

The theorem is proved. 

We now obtain an estimate of the seqnence ^n)s(-) in fhe case where 

the fnnction p = p{x) and s = s{x) on the period satisfy the inequality p{x) < 
s{x). The following resnlt gives the npper estimate. 

Theorem 2. Letp^s G p{x) < s{x), x G [0; 27r] and {'ip; {d) G Tq,^„, 
a = 1/p — 1/s. Then, for all n eN the following inequality 

^ Cp^sn'^n{n), (20) 

hold, where Cp^g Is a positive constant which independent of n. 

Proof. For an arbitrary fnnction / G fhe equality 


n—1 


f{x) - Zn{f]x) = ^ 

k=l 


i{j{n) 

'if{k) 


Ak{f-,x) T'^Akif^x) = 

k=n 


oo oo 

= Tn,ak~'^Ak{f ^; x) + jdn,ak~'"Ak{f^ j x) := M^iga) A Maida), (21) 

k=l k=l 

holds, where and are operators-mnltipliers, which are dehned by the 
seqnences m and ( ITTl) respectively, a = 1/p — 1/s and 


9 aix) ■=^k ^Ak{fp,x) 

k=i 


27r 

^ J fpix + t)Dait) dt, 
0 


9a{x) ■='^k ^Ak{fp,x) 

k=l 


2tt 

^ J fpix + t)Dait) dt, 
0 


Da{t) is fnnction dehned in Theorem | 


A 


Since / G then G L^'f and moreover G L^. By Theorem [B] we 




conclnde that the convolntion ga{x) belongs and moreover G L^k)_ From 
the condition {'f] jd) G T„ q, by lemma lAl we conclnde that the operator-mnltiplier 
Mq, acts from UA to LA) for any s G . Using analogons argnments for the 
function ga{x), taking into acconnt the ineqnalities (Ej), (jOj), ( TT^ and ( TT^ , for an 
arbitrary fnnction / G oii fh® basis of the equality fl?Tl) we hnd 


/ - Zn{f)\\s{.) < \\Ma{ga)\\s{-) + ||^a(w)||s(.) < Kn^n{n){\\ga\\s{.) + Ilw||s(.)) < 
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< 


C'pX^H(II//|Ip(-) + WfpWpi-)) < Cp^sn^iy{n). 


'i’l 


To make formulate the following assertion, which gives a lower estimate for the 
quantity y Zn)s{-) in fhe case, if the function p = p(x) and s = s{x) satisfy 

the inequality p{x) < s{x) on the period, we need following dehnition. 

Denoted by QS the set of pairs {'ijj; (5)^ such that for any n E N the relations are 
true: 

z/(n) 


2^+1 


sup 

n<k<2n 


i’{k) 


< C, sup \T{k + 1) — T{k)\ < (7, 

toSN 


k=2^ 


where C is a positive constant which independent of n, z/(n) = supf^y^'ijj{k) and 

0 , 


r(/c) := ^ 

I blD' 


I < k < n — I, 
n < k < 2n. 


( 22 ) 


Theorem 3. Letp^s E p{x) < s(x), x E [0; 27r] and {'ijj; (d) E 25. Then, 
for all n eN the following inequality is true 

where Cp^g Is a positive constant which independent of n. 


(23) 


Proof. For obtaining a lower estimate, let us show that for any positive integer 
n in class L^ppp^ there exists a function /*, for which the inequality is true 


ll/n - Zn\\s{-) > Cp^gv{n)n 




For this we hx n G N and consider the function 

2n 


fni^) = cos{kx-^). 


k=r 


Since 


2n 


ifnix)fy = ^coskx = 


k=r 


smnx/2 cos(3n + l)x/2 
sinx/2 


then using the relation f lTFl) and also well-known inequality 


X 


— < sina;/2, sinx < x, a; G [ 0 ; 7 r 

TT 


( 24 ) 


we obtain 


2n 


2n 


\\ifn)t\\p{-) = VCOS/CX < iFp VCOS/CX 

II — II — 


k=n 


k=n 
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2n 


= (2 / COS kx 


p \i/p 

dx] < 2 


sin nx/2 


sin a;/2 


p \ 1 /-P 11/- 

dxj < C*n^ 


This implies that the function 

,Vp-i 


i/p-i ^ 


9 l{x) = —^fn{x) = '4^{k) cos{kx - 


P k=n 


belongs to the class L'^p(^.y 

Again using the inequalities f lTBl) and , we hnd 

2n 


cos kx 


k=r 


<■) 


> 2 


sin nx/2 cos(3n + l)x/2 

; dx ) ^ 

Sin x/2 


tt/2 


> CsU^ / {cosx)-dx) > KsU^ 


l/s 


(25) 


If now by Ty we denote the operator-multiplier that generates a sequence 
then by lemma O on condition (i/j; /3) E ^ we will have 

2 n r, ‘ 2 -n 


k=r 


Y^osikx - ^) 


s(-) 

2n 


Tj^t^cosikx-^ 


k=r 


v{n) 


< 


s{-) 




k=7 


v{n) 


s(-) 


Hence, considering the inequality (12^ we hnd 


2n 

E 

k=n 


i;{k) 


v{n\ 


cos{kx — 

2 

2n 

> K\\ y^ cos(A:a 

.(A ^ ^ 


2n 


k=n 

>c,\ 

1 cos kx 

k=n 

S_ 


~Y' 


> 


s(-) 


Using the relation ( 1261) . we obtain 
^ \\ 9 n - Zn{gn)\\si-) 


n 


i/p-i 


2n 


i{j{k) cos{kx — 


^p k 
^ k=n 


(26) 


> 


d-) 


rd/p-i 11 ^ 

> ^^TP{n)\\Y 


^p 


k=r 


'ipik) Pit 

—— cosikx - 

z/(n) ^ 2 ^ 


> 


si-) 


The theorem is proved. 
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